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We study the dimensional crossover of weak localization in strongly anisotropic systems. This 
crossover from three-dimensional behavior to an effective lower dimensional system is triggered by 
increasing temperature if the phase coherence length gets shorter than the lattice spacing a. A similar 
effect occurs in a magnetic field if the magnetic length Lm becomes shorter than a{D\\/ D±)'^ , where 
D||/-Dx is the ratio of the diffusion coefficients parallel and perpendicular to the planes or chains. 
7 depends on the direction of the magnetic field, e.g. 7 = 1/4 or f/2 for a magnetic field parallel 
or perpendicular to the planes in a quasi two-dimensional system. We show that even in the limit 
of large magnetic field, weak localization is not fully suppressed in a lattice system. Experimental 
implications are discussed in detail. 



I. INTRODUCTION 

Strongly anisotropic systems show a number of inter- 
esting and unusual physical properties. Many of these 
are due to the interplay of their lower dimensional sub- 
structures and three-dimensional coherence. Prominent 
examples are high Tc-superconductors in quasi two- and 
Peierls' transitions in quasi one-dimensional systems. 
Also, weak localization (WL) - the subject of this paper - 
qualitatively and quantitatively depends on the effective 
dimension of the system. 

It is important to distinguish two classes of anisotropic 
systems. The first class shares more or less the proper- 
ties of typical three-dimensional systems, e.g. the Fermi 
surface is strongly anisotropic but closed, and the trans- 
port properties in different directions may vary by a large 
amount but still show a typical three-dimensional behav- 
ior. 

More interesting is the second class where the dis- 
tance of the planes or chains a becomes an important 
new length scale. As far as electronic properties are con- 
cerned, we expect this to happen only for systems with 
an open Fermi surface. The distance a should be com- 
pared with other characteristic length scales of the sys- 
tem, e.g. the phase-coherence length L^p. In the regime 
of low temperatures is large, 3> a, and even quasi 
one- or two-dimensional systems show three-dimensional 
behavior. 

With increasing temperature or as a function of some 
external parameter like pressure or magnetic field, a di- 
mensional crossover to one- or two-dimensional behavior 
can be observed, when or an other relevant length 
scale gets to be smaller than the distance a of the chains 
or planes. 

An example for this phenomenon are certain disor- 
dered quasi one- or two-dimensional materials, which 
stay metallic at lowest temperatures, despite the fact 
that all one or two-dimensional disordered systems are 
insulators. 

In this paper we will study the dimensional crossover 



of WL in strongly anisotropic 31? systems as a func- 
tion of teiuperature (or phase-coherence time) and mag- 
netic fieldtl. We will argue that the magnetoresistance 
is an especially well suited tool to analyze the dimen- 
sional crossover. We will first concentrate on quasi two- 
dimensional systems of weakly coupled planes. The 
transverse and parallel conductivity is investigated in 
a magnetic field either parallel or perpendicular to the 
planes. We will also mention related results for quasi 
one-dimensional structures. At the end we will discuss 
experimental implications and the question of universal- 
ity. 

This work was motivated by recent experimental re- 
sults on the quasi one-dimensional organic conductors 
H2{pc)I and Ni{pc)I, where "pc" stands for "phthalo- 
cyanine" , which appear to show a dimensional crossover 
in their WL correction to the conductivityo. 



II. WEAK LOCALIZATION AND DIMENSIONAL 
CROSSOVER 

Wifl is a quantum-interference effect of (particle-) 
waves in a random medium. Consider the probability foi- 
a particle to return to the position where it has startedcl. 
For a quantum particle this probability is given by the 
modulus squared of the sum of transition amplitudes over 
all paths. Due to the random nature of the phases typ- 
ically all interference effects vanish, resulting in a prob- 
ability being that of a classical diffusion process. The 
cancelation of interference terms does not hold for time 
reversed paths, where the particle moves the same path 
clockwise and anti-clockwise, collecting the same phase. 
Thus this interference is constructive, therefore increas- 
ing the probability to return to the origin. As a conse- 
quence the diffusion constant and the conductivity de- 
crease. In one or two dimensions, this so called, ^coher- 
ent back-scattering" finally leads to localizationHfl. As a 
magnetic field breaks the time-reversal invariance, lead- 
ing to different Aharonov-Bohm phases for time-reversed 
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paths, it destroys WL for all paths which include of the 
order of one or more flux-quantao. 

Technically this process can be described by the 
contribution|-||0£, maximally crossed diagrams to the 
conductivitytlu'cl. In the hydrodynamic limit (q 
OjO; — !■ 0) these contributions sum up to a typical pole- 
structure, called cooperon, which|iby time reversal) is di- 
rectly related to the diffusion poleQ. Tiie cooperon C(r, t) 
is the solution of a diffusion equationD 



C{r,t) ^ —Smr), (1) 



where we choose our coordinate system, so that the ten- 
sor of diffusion coefficients Dafj is diagonal. 



Q = -ihV - (2e/c)A 



(2) 



is the canonical momentum operator. We include the vec- 
tor potential A throughout the paper in the definition of 
Q via minimal coupling in a semi-classical approxima- 
tion. Note the factor of two in front of the charge, as the 
cooperon describes a two-particle process. The fact, that 
the particle looses its phase coherence due to electron- 
electron or electron-phonon interaction is described by 
the phase coherence time t^, which acts as an infrared- 
cutoff for (|l|). Only processes on time-scales shorter than 
Tip contribute to WL. Generally and the elastic scatter- 
ing time Tol will be k-dependent especially in the strongly 
anisotropic systems we want to describe. However, we 
will neglect this for simplicity, as it should not affect our 
qualitative conclusions. 

The correction Act due to the cooperon to the Boltz- 
mann conductivity (To.q/3 is given by 



dQ 



(27r)3 J (27r)3 
«„(k)|GkpC(Q,c.)|GQ_kP«/3(Q - k); (3) 



v(k) = SkCk is the velocity. The Green's functions Gu are 
sharply peaked in a region T of width I/tqi around the 
Fermi surface (1/tci < E-p). Therefore, the k-summation 
can be replaced by an average over the region which 
we denote by (. . .)k and 



dQ 

(2^ 



(«„(k>^(Q-k))^C(Q,u;). (4) 



To discuss the influence of a magnetic field it is essential 
to incorporate the vector potential in a gauge-invariant 
way. We therefore rewrite in the manifestly gauge- 
invariant form 



AfTQ/3 



nV 



Tr 



(v0(Q~k)v„(k))^C(Q,c.) 



Q 



(5) 



where the averaged velocities and the cooperon are un- 
derstood as operators (we denote operators with a hat) in 



the center-of-mass space spanned by Q or its conjugate 
position operator f . V is the volume of the system. 

When the average of the velocities is Q independent, 
as it is e.g. in an isotropic 3Z) system, using ctq, a/3 (^^ = 
0, i? = 0) = (waW/3)k — for the static Boltz- 



mann conductivity, formula i 
form 



reduces to the well known 
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C(r = 0,w = 0), 



(6) 



A^'o is the density of states at the Fermi-surface. 

For the discussion of a dimensional crossover, it is 
essential to incorporate the spatial structure and the 
anisotropy of the system in the diffusion equation for 
the cooperon (Q). The range of vahdity of the diffusion 
equation ([^) for small distances is on the one hand re- 
stricted by the elastic scattering length la = V^aa'^ci, 
on the other by the structure of the material, i.e. by 
the spacing a of the planes in the anisotropic quasi 2D 
system. Therefore one has to distinguish the two scenar- 
ios mentioned in the introduction: in the first scenario, 
the elastic scattering length perpendicular to the planes 
l± is larger than the distance a of the planes. Then the 
ultraviolet cutoff in the g_L-intcgration is given by Ij^ 
and the anisotropy of the diffusion-constant in (|I|) can 
be scaled out as previously shownO. Such a material will 
always show 3D behavior, as far as WL is concerned. 
We expect this first scenario, e.g. in all materials with 
a closed Fermi-surface, which can continuously be de- 
formed to a sphere. The electronic properties of such 
systems are qualitatively not directly influenced by their 
lower dimensional substructures. 

The second scenario is the more interesting one. Here 
l± is formally smaller than a and the cutoff is now given 
by the substructure of the system, i.e. the distance of the 
planes. As we will see, these systems show a dimensional 
crossover and are affected by the underlying lattice struc- 
ture. We expect this scenario to hold for anisotropic sys- 
tems with an open Fermi-surface and quite strong short- 
range disorder. 

We measure the anisotropy with the dimensionless con- 
stant 



V - 



D±Tc] 



(7) 



For 77 <C 1 we are in the second regime. In terms of 
microscopic quantities the diffusion constants are given 
by D± = t^o^Tci/2 or 7] = {t±Tc\)^/2 for an effective 
hopping rate t± perpendicular to the planes. The diffu- 
sion constant for the motion in the planes is D^^ — vpl/2 
where I — vfTci is the (elastic) mean free path and up the 
Fermi velocity. A dimensional crossover should therefore 
be observable if the broadening due to elastic scatter- 
ing is larger than the bandwidth t± perpendicular to the 
planes. 

As it turns out, in the case of a finite magnetic field it is 
important to include the cutoffs of the cooperon-equation 
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in a gauge-invariant way. Therefore we will analyze 
the following cooperon-equation, here given for a quasi- 
2D material with the symmetry axis in the 2;-direction 
and frequency lj = Q: 



AD 



C{v) 



-5{r) 



(8) 



Eq. is obtained from the result of summing the maxi- 
mally crossed diagrams in zero magnetic field for a tighU 
binding model description of weakly coupled planesB Ell 
by substituting the canonical momentum operator (||) for 
the Cooperon momentum Q in a quasi-classical approx- 
imation. 



The "bandstructure" 2 sin^ (0(32/2) 



1 



cos aQz 



serves as a convenient physical way to introduce the cut- 
off a. Note that the details of the cutoff structure, i.e. 
the special form of the electronic bandstructure, will not 
affect any of our results qualitatively. In the z-direction 
the diffusion described by Eq. (^ takes place on a lattice 
with spacing a. For convenience we choose a gauge with 
= in (g), otherwise the usual Peierls' phase factors 
for a magnetic field on a lattice have to be introduced. 

Dupuis and Montambauxliil investigated the validity of 
the diffusion approximation for large magnetic fields an- 
alyzing the exact integral kernel for the cooperon. They 
concluded that (||) is valid for not too strong magnetic 
field WcTei <C 1. The cyclotron- frequency uJc is given by 
u)c = eB/mc for a magnetic field parallel to the planes 
(closed orbits) and by uJc ~ eBvpa/c in the case of a 
magnetic field perpendicular to the planes (open orbits). 
A diffusion equation for the cooperon similar to (||) was 
analyzed by Nakhmedov et a/.E3 to study the dimen- 
sional crossoveL. from d = 1 to d = 2 two-dimensional 
system. Dorinllj investigated quasi two-dimensional sys- 
tems but considered only a magnetic fieldreerpendicular 
to the planes. Dupuis and Montambauxtl studied the 
conductivity in a strongly anisotropic two-dimensional 
system, but also for anisotropic three-dimensional mate- 
rials. They focused their attention to the in-plane con- 
ductivity (see also Ref. |f^). We will argue below that 
for an experimental analysis of the effects of weak local- 
ization in a magnetic field, the comparison of in-plane 
and out-of-plane conductivity for both a magnetic field 
parallel and perpendicular to the planes is necessary. We 
will therefore discuss all four situations in detail for both 
small and large magnetic fields in the whole regime where 
(|) is valid. 



III. QUASI TWO-DIMENSIONAL SYSTEMS 



To model the system we assume an open Fermi-surface 
with a band-structure of the type ek = (fc^ + ky)/ (2m) — 
2t±cos{akz) with t± < 1/tc\ < Ep. The details of Ck 
do not affect any of our qualitative results as long as the 
topology of the Fermi-surface remains unchanged. 

For a magnetic field perpendicular to the planes the 
magnetic field only affects the motion in tjic planes. This 
situation was recently analyzed by DorinEj. In this sec- 
tion we will more or less rederive his results and establish 
notations and techniques for the more involved discussion 
of a magnetic field parallel to the planes. 



1. Current in the planes 

For the case of a current directed parallel to the planes 
the velocity average over the region .F is given by 



(i;||(k)t;||(Q-k))^ = - 



I 



(9) 



To calculate the WL correction to the in-plane conduc- 
tivity ACTgy., the trace in (^) is expanded in normalized 
eigenf unctions 4>> of the operator on the left-hand side 
of (P) for cj = defined by 



^11 {Ql + Q 



AD 



^ sin2 . 



1 



(10) 



As the velocity average is just a constant, A(Tgj|. can be 
expressed in terms of the eigenvalues E\ 
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with A^o ~ m/{2'Ka). The ultra-violet cutoff can be im- 
posed in a gauge invariant way by requiring E\ ^ I/tci- 

For the calculation we choose the gauge Aj^ = 
(0, Bx, 0). The strength of the magnetic field is measured 
by the magnetic length Lm = y^hc/eB. The eigenfunc- 
tions $A can be decomposed in plane waves in the y- and 
z-direction carrying momenta Qy and Qz and a remain- 
ing part, which describes a shifted one-dimensional har- 
monic oscillator (HO) for a particle of "mass" {2D^^)~^ 
and "cyclotron frequency" il± — AD\\eB/c = 4_D||/L^„ 
with eigenfunctions ^'^'-'(x + L'^qy/2) and eigenvalues 
= (n -I- l/2)rjj_, n = 0,1,2,.... Note that fl±_ is 
by a factor of AD\\m « AEyt^x larger than the cyclotron 
frequency of bare electrons. Therefore a weak magnetic 
field is sufficient to have a strong effect on WL. 

The DC-conductivity is found from (|l^) as 



A. Perpendicular Field 

We first consider the effect of a magnetic field perpen- 
dicular to the planes of a quasi two-dimensional system. 
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AD±_ . 2 aqz 



1 



(12) 
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The factor 2/(27rL^J takes care of the degeneracy of the 
"Landau levels" of the cooperon with charge 2e. For 
rj < 1, qz is integrated over the whole Brillouin zone 
\<lz\ < T^/a leading to 



Act. 



Bllz 



w± 5c (en) 



VCn + x^/en + X + Arj 



(13) 



"0 e„ = (n+l)tu^ 

Here we have introduced the dimensionless quantities 



All 

^, \^{2^ET.Tr\ w^ = n^T,, = -j- (14) 



to measure the rate of phase-destruction, the strength 
of disorder and the cyclotron frequency. Sometimes it is 
useful to interpret w±_ as the inverse area occupied by a 
flux quantum in units of a typical area, where elastic pro- 
cesses take place. gc{x) is a cutoff- function of scale unity 
— for our plots we use gc{x) = exp(— 7rx^/4) whereas 
our analytical formulas are given for the step function 
gc{x)^Q{l-x). 

For weak magnetic field w±^ 0, the sum ( p^ can 
be approximated by an integral, and the effects of dis- 
cretization can be calculated using the Eulcr-Maclaurin 
summation formula. For the different regimes we find the 
following analytical approximations 



Act- 



Bllz 



a" 



■/■^llz^' 



-A < 



7 + log(4/w_L), a;,77<w_L<l (1^) 
2gciwi_/2), w± > 1 
, (X 1/x, a; ^ 1 



with Euler's Gamma constant 7, a constant c ~ 
(C(l/2)/2)(l - V2) « 0.3024 and 



a" (77, a;) = 



5c(e) 



\/£ + Xy/e + X + Ai] 

Kl{x + 1) — Kl{x) 

x + 1 



(16) 



PU,iv,x) = -{2rj + z)X,{z) ^{2r^ + x)X,ix). (17) 

" z—x 

We have introduced for later convenience the functions 

Kl, Al 



Ki(z) = 2 log (V^ + + 477) 
^i(^) " 24z3/2(;2 + 4^)3/2- 



(18) 
(19) 



A graphical representation based on a numerical evalua- 
tion of ( p^ is given in Fig. |l|. 
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FIG. 1. The magneto-conductivity for a field perpendicu- 
lar to the planes as a function of magnetic field w± = 4i y 
for various temperatures, i.e. various phase coherence times 
X = Tci/t^. The open and filled symbols denote the conduc- 
tivity parallel and perpendicular to the planes, respectively. 
The crossover scale w± — rj = 0.04 is shown as a dashed line. 
The lines are guides to the eye. 



In tke limit 77 — > one recovers the well known 2D 
resultad. The precise form of a^^{ri,x) and the constant 
contribution in the regime a;, 77 <^ wj_ <C 1 depend 
slightly on the cutoff structure, i.e. on gc- 

Using (p^, we can now discuss the dimensional 
crossover as a function of temperature in the absence of 
a magnetic field. To a good approximation the only tem- 
perature dependent quantity in our model is the phase- 
coherence time contained in the parameter x = Td/r^. 
Usually its temperature dependence can be approxi- 
mated by a power law x oc TIL- where 7 depends on the 
dominant scattering procesado. 

For X < 1], i.e. if the phase-coherence length \jD\T\p is 
larger than the distance of the planes a, the usual three- 
dimensional behavior is observed. For not too strong dis- 
order the system is metallic as the correction due to WL 
is finite for T — > 0, i.e. a; — > 0. The leading temperature 
dependence is given by the contribution proportional to 
\PxJt] - again typical for WL in a 3-D system. However, 
at higher temperatures the coherence between the planes 
is destroyed and the behavior of the system is dominated 
by the two-dimensional planes. As a consequence, we ob- 
tain the logarithmic correction Acr/cro ~ —A log a; typical 
for WL in two dimensions. 

The magneto-conductivity at low temperature rises 
quadratically with the magnetic field for x, i.e. as 

long as a particle can not enclose a flux quantum in a co- 
herent diffusion process. For a higher fleld, the magneto- 
conductivity (cf. Fig. |l]) increases with the square-root of 
the magnetic fleld in the three-dimensional regime with 
X <C w± ^ rj. Note that corrections to the square-root 
dependence are of the order of x/^/WJJj, therefore this 
regime can only be observed at quite low temperatures. 
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By increasing the magnetic field even more, the WL cor- 
rections crosses over to a logarithmic dependence on field. 
Finally, at a very high field when u!±^> 1, WL is de- 
stroyed completely (not shown in Fig. [l]). 



2. Current perpendicular to the planes 

For the case of the cm'rent perpendicular to the planes, 
the velocity average is now Q dependent 



v^(kK(Q-k))j 



-it^a^ cos(aQ_L) 



Tel 



cos(aQ_L). 



(20) 



While ( po| ) depends on the details of the band- 
structure, our results are nearly independent of these 
details. Our conclusions rely on the generic feature 
that (wj^(k)wj^(Q — k))^. const, for Q±^ and on 
/ dQ± {v±{'k)v±{Q — k))jj. — 0. The last fact is a conse- 
quence of the periodicity of ek- 

In the chosen gauge {A± = {0,0, By)), Q± — is a 
good quantum number. Therefore it is easy to add the 
factor cos aqz in (^2|) and the WL correction perpendic- 
ular to the planes has the formtj 



Wl_ gd^n) 



- E 

zln ^ — i 



,'^1 N + X^/€n + X + 4?7 



\ 2 

+ x + ^-q- Ven + x\ . (21) 



Again, analytical approximations can be found in the 
different regimes: 



{Vn^)/{2w^), 
^9c{wj2), 



■W± ^ X,T] 

X w± <S: rj 
X, 1] ^ W_L <C 1 
W_L > 1 
x > 1 



(22) 



with the numerical constant c sa 0.30 as before, 



(jli ^) = ^ (^^Jz{z + Ar|) - 



l+x 



/3b||z('^2;) =-277Ai(z) _ « 2r,Ai(a;). 



x+l 



(23) 
(24) 



Ai is defined by Eq. (|T|). 

For small fields and low temperatures w^, x <ti tj, the 
main contribution is due to the Cooper-pole with Q « 
and therefore cos aqz « 1. As a consequence we get prac- 
tically the same answers for both directions of the current 
as can be seen in Fig. |l|. However, at high fields w± S> i] 
(not shown in Fig. |l|, see Fig. ||) or temperatures x » 
the WL correction AcTgy. vanishes faster because the co- 
herence among different planes is destroyed. A crosso^jer 
from three- to zero-dimensional behavior is observedll3. 



B. Parallel Field 



1. Current in the planes 



More interesting is a magnetic field parallel to the 
planes. We will first discuss the case of a current in the 
planes where the average of the velocities is given by (||). 
We choose the gauge Ay — {0,—Bz,0) for a magnetic 
field in x-direction. Again, the eigenfunctions defined in 
( |To| ) can be decomposed in plane waves in x and y di- 
rection with momenta q^ and qy and a non trivial part. 
Therefore we have to analyze the remaining "Hamilto- 
nian" : 



H' = Dn 



2z 



2D^ 



(1 — cos aqz). (25) 



This is the Hamiltonian of a one-dimensional tight- 
binding lattice with hopping-rate Dj^jo? and an external 
harmonic potential, centered at —qyL'^^/2, with oscilla- 
tor frequency = 4^Dj_D\\/Ll^ = n^^D^/D\\. The 
corresponding "Schrodiiig£p43quation" can be identified 
with Mathieu's equationia-H. 

For low quantum numbers and low energies, only the 
quadratic part of the kinetic energy of H' is probed, 
therefore the wave-functions have approximately HO 
from as above. Their energy is given by E'^ « Vl\\{n + 
1/2). This contribution will dominate for a weak mag- 
netic field. We can estimate the range of validity from 
the condition (/z ^ 1/a using a characteristic momentum 
Qz,typ ~ ^y2mrl^^ and get n ^ ric — c'rj/w\f^, where c' 
is a constant of order one. A comparison with numer- 
ical results suggests the value c' « 2. We have intro- 
duced as above the dimensionless constant W|| = il||Tei = 
4Z_lZ||/L^. In Fig. H wc compare the numerically calcu- 
lated spectrum of H' with this analytical approximation. 
The contribution of these lowest eigenvalues is approxi- 
mately given by 



(26) 




(27) 



Note the factor 27] in the cutoff-function taking into ac- 
count the condition n < ric- The energies are given by 
— in + l/2)w\\. Actually it turns out that for « rj, 
i.e. in the crossover region, the main contribution to the 
magneto-conductivity is due to the lowest eigenstate eq. 
In the same region the approximation eo ~ wy /2 breaks 
down. Therefore we use for our numerical evaluations 
of ( p7| ) a more accurate expression for the ground-state 
energy 



eo = 277 



Su* -I- 7u^ + 16m 
8m4 -f 15m3 + i6u + 32 ' 



277- 



(28) 
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This interpolating formula describes the ground.state en- 
ergy of ( |25|) exactly in next-to-leading orderllj in both 
wy/ry and Ty/wy. Especially, for uiy ^ it reduces to 
eo ~ "^11/2 and for large magnetic field to eo ~ 2r]. 

For high quantum numbers n ^ Uc, the potential en- 
ergy dominates and the hopping rate is small compared 
to the level-splitting due to the external potential. In 
this regime the eigcnfunctions are localized in one plane 
and we can approximate 



Ao-. 



H' « Dn 



2z 



2D, 



(29) 



z denotes the position of the planes and has the eigenval- 
ues na, n = 0,±1, . . .. Therefore the higher eigenvalues 
of H' are approximately given by 



El w D» 



qy 
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2D\ 



(30) 
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FIG. 2. Numerically calculated spectrum (crosses) of the 
"Hamiltonian" ( [25[ ) with qy — for a lattice with 300 sites 
in a log-log plot. For small quantum numbers, the dispersion 
is linear, whereas for high quantum numbers, it crosses over 
to a quadratic dependence. The solid lines represents our 
approximations e„ = (n-|- 1/2)m;|| or e„ = 2?7-|-(n/2)^Wy /(4r7), 
respectively. For the plot we have chosen 2rj = 0.04 and 
uiy = 0.0032. In the insets, we show typical eigenfunctions in 
both regimes. The crossover scale = 2rj/w^^ is shown as a 
dashed line. 



That this approximation is very accurate, is shown in 
Fig. H where we compare our approximation to a numeri- 
cally determined spectrum of H'. As the crossover regime 
will depend in any case on the (often unknown) details 
of band-structure and scattering rates and will influence 
our results not qualitatively, we will just sum up the con- 
tributions from the two regimes with the proper cutoff, 
denoted by the dashed line in Fig. ||. 

Thus from ( pdj ) we get the following contribution from 
the second regime: 



B_Lz 



= -A(/^2 - K3) 



^0 / loc 



with 

K2 = 



dg2«log'^ + " + ^ 



Q + 21] + X 



2r, 



21] + X 
arctan (2ry -|- x) ^^"^ 



V ' n=0 

1 

^4^(2^ 



^2r] + x 



(31) 

(32) 
(33) 



27], W|| ^ 77 

fw«\ . (34) 

Ulngc \ , Wn ^ T] 
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K2 is the contribution one obtains from a summation over 
all eigenvalues of (p^ ) . It is independent of the magnetic 
field. As ( |29| ) does describes only the eigenstates of ( |25| ) 
for n > Uc ~ 2ri/w\\, we have to subtract the first rt^ 
eigenvalues summing up to K^. 

A direct interpretation of ( ^ ) can be given: As long 
as the particle moves in the plane, no flux is enclosed as 
the magnetic field is parallel to the motion. Therefore 
we find a contribution independent of the magnetic field. 
For ?7 = 0, i.e. in the true 2D situation, we recover the 
usual two-dimensional result as K2 = a'' {rj = 0, a;) = 
log(I + 1/x) and Ki = K3 = 0. However, for a finite 
diffusion rate perpendicular to the planes there is an in- 
frared cutoff due to the fact that the particle eventually 
leaves the particular plane it has been moving in. K2 is 
exactly the formula describing WL in a two-dimensional 
system, however l/r^p is replaced by l/r^p + 2/tq, where 
Ta = Toi/77 = a'^/D± is the time needed to diffuse to a 
neighboring plane. As a result, for very low tempera- 
tures K2 saturates at K2{x ~ 0) fa logl/?7, instead of 
diverging as for a 2D system. 

To discuss the magnetoresistance for a finite magnetic 
field parallel to the planes we have to add the contribu- 
tion from the HO- and the localized regime 



Act 



B_Lz 



-X{Ki+K2-K3). 



(35) 



An analytic evaluation yields the following expression in 
the various regimes 



'B_Lz 



-A I " c^wii/?/, X < W|| < ri ^3g^ 
K2, If II ^ rj. x 

oc 1/x, X ^ 1 



with 



/3b_lj = X2ix + 277) - A2(a;) 
1 



A2(^) 



487r^ 



arctan ■ 



/i z{l + z) 



(37) 
(38) 



As in the case of a perpendicular field, the (negative) 
magnetoresistance rises quadratically with magnetic field 
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for w\\ <C a;, 77 and then crosses over to a square-root 
dependence on B or luy . 

In contrast to the usual three-dimensional situation or 
a magnetic field perpendicular to the planes, the WL 
correction for magnetic field parallel to the planes does 
not vanish in a large magnetic field. Th e | Co ptribution K2 
remains finite even at very high fieldgl3llJ as explained 
above. 

At very high fields, lUcT 2> 1 or ^ ^/rj the diffusion 
approximation (^) breaks domii as has been investigated 
by Dupuis and MontambauxEJ. They find that for very 
high fields w\\ ^ 1 the wave function of the electrons is 
localized in the planes leading to a strong suppression 
of hopping to neighboring planes. As the motion in the 
planes is not affected by a parallel magnetic field the ef- 
fect of weak localization increases for a stronger magnetic 
field in this regime. As a consequence a positive magne- 
toresistance is expected for theses extremely high fields. 




FIG. 3. Comparison of the WL correction of the in-plane 
conductivity for a magnetic field parallel to a field perpendicu- 
lar to the planes for various phase coherence times x = rd/r^, 
r; = 0.04. Note that on the x-axis different scales have been 
used: = 4Zx'||/im for a magnetic field in the planes (filled 
symbols) and ■w± = 4Zy/L^ = W|| yj/ Dy /D± for a magnetic 
field in the perpendicular direction (empty symbols). The 
crossover scale w±/\\ ^ rj is shown as a dashed line. The lines 
are guides to the eye. 



In Fig. 1^, the effects of a magnetic field parallel and 
perpendicular to the planes are compared. In the low 
temperature regime a: <C 77, the dimensional crossover 
is induced by the magnetic field for w± ~ 77 (field per- 
pendicular to the planes) or w\\ ~ 77 (field parallel to 
the planes). For higher temperatures x }^ rj, such an 
crossover can not be observed because it is already pre- 
empted by the phase destroying scattering. At very high 
magnetic field Twy 3> 77, a finite contribution of WL re- 
mains when the field is parallel to the planes. 



2. Current perpendicular to the planes 

To calculate the out-of-plane WL-correction to the 
conductivity, we have to analyze (|^) using the velocity 
average (20). Expanding the trace in (|5[ ) in eigenfunc- 
tions \^x) of the cooperon defined in ([10|), we obtain 



1 



ttNoV 



E 



{<i>x\cosaQ, 
Ex 



(39) 



For the gauge A = (0, —Bz, 0) we can interpret the cosine 
as a translation operator by one lattice site. In position 
space (note that we are considering a lattice in the z- 
direction) the overlap is therefore given by 

(^AlcosaQ^ |$a) = E / ^^^y 

n •' 

X Re ['^*x(x, y, an + a)<^x(x, y, an)] . (40) 

where n sums over the planes with distance a. 

In the previous section we have shown that for low 
quantum numbers, the eigenfunctions \^x) can be ap- 
proximated by HO-eigenfunctions: $g^,gj^.„(a;, y, z) w 
g«9xa:\[>HOj-^ — In this regime a is small com- 

pared to the scale A„ on which ^'J^'-'(z) varies and 
(-^aIcosoQ^ |$a) « 1 + 0((a/A„)2). The scale A„ is 
of the order of half the distance of the nodes in '^^'^{z)^ 
i.e. A„ « ^/DJ(^). 

For a > A„ the overlap ($a| cosaQ^ |$a) vanishes on 
average. The condition for the crossover a ~ A„^, i.e. 
77c ~ 2r]lw\\ coincides with our previous estimate of the 
crossover to the localized regime which is described by 
(p9|). As the eigenfunctions of ( p9|) are strictly local- 
ized on a single plane, it is consistent to approximate 
(<I>A|cosaQ2 |<i>A) = for 77 > 77c. 

Within these approximations the only contribution to 
( ^ ) stems from the HO regime. This contribution has 
already been given in (|2^) and therefore 



'BJ_z 



-XK^ 



-A 



(X 1/x, 



7«|[ ■€.x,ri 
X <^w\\ -^rj 
rj, X ^ 7i)|| 
X > 1 



(41) 



(42) 



with 



Ki{w\\ ^ 0) ~ K2(a; + 2r/) — k.2{x) 



lyfz arctan —= -f log (1 -I- z) 



(43) 



Note that ^^1(77711 0) does not coincide exactly with 
given in (^3|), this is due to the approximation 
(^aIcosoQz |<i>A) ~ 1 which shghtly infiuences the con- 
tributions from higher energies (this explains the small 
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offset in Fig. ^ for 0). The qualitative behavior, 

especially for low temperatures is however not affected. 

As K2 is independent and K3 only a smooth function 
of the magnetic field, the magnetoresistance in a field 
parallel to the planes is more or less independent of the 
direction of the applied voltage. The main difference of 
Adgj^-ZcrJ" to A(73j^./(Tq is the magnetic field indepen- 
dent, but temperature dependent contribution K2. 

Our analysis of (|4^) clearly indicates that the coher- 
ent transport between different planes is essential for the 
WL correction to the out-of-plane conductivity. This has 
e.g. the consequence that for a strong magnetic field par- 
allel to the plane (wy ^ 77) the WL correction to the 
out-of-plane conductivity is totally suppressed, while the 
conductivity parallel to the planes is still affected by in- 
terference effects of electrons moving in a plane. 



IV. QUASI ONE-DIMENSIONAL SYSTEMS 

Now, we will briefly discuss the quasi ID-case, concen- 
trating on a magnetic field perpendicular to the chains. 
We choose the symmetry axis in the z-direction so that 
the analog of reads 



^iiQii 



4D, 



J2 



i—x,y 



2 



1 



1 



C(r) = -<5(r). 



(44) 



A straightforward calculation similar to the calculation 
for the quasi two-dimensional case with a magnetic field 
along the a;-axis and vector potential A± = (0, 0, By) 
yields (using the appropriate density of states Nq"^ « 
{TTVFa?)~^) the following quantum correction to the con- 
ductivity for a current parallel to the chains 



7^1" + 



Id 



(45) 



where -fC^ 2 3 ^^"^ given by 



n— ^ 



K. 



Id 



9c{q^)dq 



\J 2ij + X + q'^^Gri + X + q'^ 
c — iy/rj, X <^rj 
2TTyJ rj/x rj ^ X <ti I 
'iy^/x a; > 1 



E 



w\\ 9c 



2,, 



y/x + 2r]^x + 6r] 



(46) 
(47) 

(48) 
(49) 



with En = {n + 5)^11 and a numerical constant c ~ 3.31. 
Note, that for the numerical evaluation of (p^), the lowest 



energy value cq should be treated special according to 

(H). 

The limiting behavior of Act in the various regimes is 
given by 




WH x,ri 



X > 1 



(50) 



with c sa 0.30 and 



'Id 



\/27T 



dq 



.2, 



dq 



q±9ciqfi) 



z 9 

111 



= K2{x + 27r r]) — K2{x) 
x+2ri 

/3b±z = -(2?? + 2)Ai(z) 



(51) 



(52) 



where K2 can be found in (H) and Ai in (|l|). 

K\'^ can - up to a changed cutoff and a different scaling 

of the magnetic field - be identified with (p^). was 
directly calculated in a vanishing magnetic field using the 
approximation 2sin^(a;/2) « a;^/2 and the cutoff q^ + 
= (zi < 2^Va2. 

Again we find a term which is independent of the mag- 
netic field, which dominates in strong fields. This contri- 
bution remains, since the motion of the electrons along 
the chains is not affected by the magnetic field. As ex- 
pected for a quasi one-dimensional system, a dimensional 
crossover from three-dimensional behavior at low temper- 
atures, i.e. small x, and small magnetic field to a one- 
dimensional one at higher temperatures and fields can be 
observed. 

In zero field and for low temperatures the contribu- 
tion of WL to the conductivity is finite and proportional 
to a y/x, which is typical for three dimensions. If the 
phase-coherence length is shorter than the lattice dis- 
tance iji < x), the correction to the conductivity is pro- 
portional to al|^ 



I'^yJ'q/x+O [a;, (77/a:)'^/^] -signaHzing 
the one-dimensional regime. A similar picture arises at 
low temperatures as a function of the magnetic field: for a 
small magnetic field and x <^ -q the system shows typical 
iD behavior with a contribution to the magnetocon- 
ductivity crossing over to a ^/B dependence as observed 
now for all systems discussed in the paper. But at strong 
enough fields, « 77, a crossover to the one-dimensional 
case can be seen, where WL is not influenced by a mag- 
netic field and the finite contribution remains. 

For a current perpendicular to the chains, the situation 
is similar to the quasi 2D case: K\'^ is unchanged whereas 
the localized regime K. 



Id 



Kl^'^ does not contribute. 



Act- 



_L,ld 
B_Lz 
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"Id 



with 



47r^ 



'Id 



"id - c^W||/?7, a; < W|| < ?7 ^^^^ 

(w||/4?7) , a;<77<u;j| 
oc a; ^ 1 



Ki(a; + 2?7) — ki{x). 



(54) 



Ki is defined in ([l8|). Here for a; > 77 or > 77 weak 
localization is strongly suppressed. 



V. UNIVERSALITY AND EXPERIMENTS 

Recently Zambetaki, Li et have numerically an- 
alyzed a quasi two-dimensional system and found that 
one-parameter scaling can still be applied and that such 
an anisotropic system is in the universality class of an 
anisotropic three-dimensional system. In this paper we 
have emphasized that the distance of the planes a is an 
important extra length scale and that the corresponding 
dimensionless quantity 77 governs the physics of the di- 
mensional crossover. Nevertheless for a weak magnetic 
field X, Wji/ L-i<C r] we recover universal behavior as has to 
be expectedtl. 



10" 



U 10"' 



10"' 




B||z, 2d 
Biz, 2d 
Biz, Id 
universal 



10" 



10" 



FIG. 4. Magnetoconductivity scaled according to (|5^) for 
various temperatures. We investigate both quasi ID- and 
quasi 2_D-systems. The open and filled symbols denote the 
conductivity parallel and perpendicular to the planes, respec- 
tively. For low magnetic field and low temperatures the ef- 
fects of WL are universal and do not depend on rj or the 
structure of the material, corrections are of the order of ui/77 
or x/rj. The thick dashed line is the universal result for a 
three-dimensional system. All curves of the plot are given for 
rj = 0.04. The universal behavior for x,w <^ rj is independent 

of T]. 



Actually, we think that exploiting the universality at 
low temperatures and magnetic field might serve as a 
valuable tool to analyze experimental results. E.g. lead- 
ing corrections to the universal behavior show up in pow- 
ers of w\\/± /rj or x/rj which allows the determination of 
rj but also of a; = Tc\/t^. 

The absolute size of the WL-correction is for a three- 
dimensional system always non-universal, i.e. it depends 
on the behavior of the system on the short length scale 
A more well-suited quantity is e.g. ((t(T, B) — 
ct(0, 0))/(t(0, 0) which for a generic anisotropic three di- 
mensional system with diffusion constants Dx, Dy, 
has for low temperatures and low magnetic field the 
generic form: 



cr(r, B) - cr(0, 0) 

^(0,0) 



■.G{x,w) (55) 



471^0^ D.DyD, V Tei^ V a; , 



2eTr 



{D^DyBl + DyD.Bl + D.D^Bl) (57) 



g[z) is a universal functiorO with g{0) — 1 and g{z) — > 
(C(l/2)/2)(l-V2)yi« 0.3024^5 for z 00. Note that 
( p5| ) is independent of the cutoff scale Tc\. 

It is easy to check that for w^y±,x <C rj all our results 
for all directions of the current and the magnetic field, 
and for both the quasi one- and two-dimensional case 
can be written in this way. In Fig. ^ we have scaled the 
magnetoconductivity in the above described way - all 
curves collapse on a single line for WjX <C rj, signalizing 
the dominating three dimensional behavior. With the 
help of (^5|) it is also possible to scale the universal part 
to a single line independent of x and rj. 

In an experiment it would be very interesting to study 
systematically the deviations from the 3I?-universality. 
In the universal 3D regime the WL corrections do not 
depend on the direction of the current and the depen- 
dence on the direction of the magnetic field is fully de- 
scribed by the B-dependence of w. Therefore deviations 
are studied best looking at ratios of conductivities. E.g. 
without a magnetic field for low temperatures one could 
investigate the ratio 



C{T) = 



(58) 



With C(0 ) = limT^o C{T) the ratio C(T)/C(0) w 1 
^/x/{Arj) + 0{^/xfj,x/rj) calculated from (|l6|) and (|2^ 
for a quasi 2D system measures the leading deviations 
from universality. Similar information, perhaps with an 
higher accuracy, one can get from the B^-rise of the mag- 
netoconductivity, i.e. from 



D{T) 



(59) 



B=0 
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Using the extrapolation of D{T) towards T = with 
-D(O) = C(0), one can investigate the behavior of 
D{T)/D{0) w 1 - x/(2t]) + 0{y^, iv/xf)- This cor- 
rection can be seen in the log-log plot of the magnetore- 
sistivity shown in Fig. U, where for w ^ Q the curves 
show a small offset proportional to x. 

Corrections to the universal 3-D behavior proportional 
to powers of w /rj are harder to investigate systematically. 
For w < a; it is difficult to separate them from x/rj con- 
tributions and the regime w > x is very sensible to small 
variations of the temperature. In a quasi 2D system we 
propose to compare the in-plane and out-of-plane con- 
ductivity for a magnetic field perpendicular to the planes 



using 



E{T,B) 



(60) 



as theoretical uncertainties are minimal for this quantity. 
E{T, B) rises quadratically in B for low fields, but for 
low temperatures it should be possible to extract a linear 
contribution in B in the regime x < Wi_ < rj. For T — s- 
this rise is proportional to /t] allowing a measurement 
of ry. We find E{0,B)/E{0,0) « 1 -I- 0.025(u;j|/r/)(l -I- 
0{^)) + 0{x/t^). 

The predictions of our paper are relevant for a number 
of experimentally available systems. In the quasi one- 
dimensional case, one has to look for systems which stay 
metallic at low temperatures and do not exhibit a Peierls' 
transition or a transition to a superconducting state. 
This seems to be realized in certain pure iodine oxidized 
phthalocyanine molecular crystals {M{pc)I with M = 
H2, Ni, Cu, . . .) where indeed a dimensional crossover as 
a function of temperature has been observedo. However, 
measurements of the magnetoresistance did not show de- 
viations from the B^ behavior, which would be necessary 
to analyze the data with our theory. Here investigations 
at lower temperatures and higher magnetic fields would 
hopefully allow to test our picture. 

Very promising seems to be the investigation of quasi 
two-dimensional systems which do not show a phase- 
transition and stay metallic at low temperatures. Espe- 
cially metal-insulator multilayers can be fabricated in a 
well-controlled way. All parameters entering our theory, 
i.e. strength of disorder, anisotropy, bandstructure etc. 
can be be varied over a la*ffp-|range. A number of experi- 
ments in such multilayerala'tS have shown signatures of a 
dimensional crossover from two- to three-dimensional be- 
havior. It is important to study systems with quite strong 
disorder where WL is enhanced and contributions from 
other effects like classical magnetoresistance, Shubnikov- 
de Haas oscillations are suppressed or can be separated. 

Especially the comparison of the effect of a magnetic 
field parallel and perpendicular to the planes would allow 
to identify e.g. the magnetic field independent contribu- 
tion K2. 

Finally we want to give a crude estimation for the re- 
quired magnetic fields necessary to induce a dimensional 



crossover in a quasi 2D system, ^ 77 in our dimension- 
less units translates to B ^ yj D± /Dy (^0/ (47ra^) with 
the flux-quantum 0o = h/2e = 2.07 x IQ-^^ T m^. E.g. 
for D±/D^i - 10-3 and a - 10 A this yields B > 5T. 
The field perpendicular to the planes can be a factor 
yjD^jD\\ K, 30 smaller. In multilayer materials much 
larger values for a can be achieved and correspondingly 
much weaker magnetic fields should lead to the dimen- 
sional crossover discussed in this paper. Note that a en- 
ters our estimate quadratically. 



VI. CONCLUSIONS 

In this paper we have calculated the dimensional 
crossover in WL induced by inelastic scattering or a mag- 
netic field, for anisotropic three-dimensional systems. At 
low temperatures and small magnetic field we recover the 
results for an anisotropic three-dimensional system as dif- 
ferent planes or chains are connected by coherent diffu- 
sion processes. However, with increasing temperature, as 
the phase coherence length gets shorter than the lattice 
distance, a crossover to the two- or one-dimensional be- 
havior of WL can be observed. A similar effect can be 
seen for an increasing magnetic field. If a typical diffu- 
sion path connecting different planes of chains encloses a 
flux quantum, coherence is destroyed and a dimensional 
crossover is induced. This phenomenon depends crucially 
on the direction of both the applied field and the current. 
We propose to use the magnetic field dependence as a 
tool to investigate these quantum-interference effects and 
the dimensional crossover in detail. As compared to the 
temperature dependence, the magnetic field has the ad- 
vantage not to dependent on the uncertainties associated 
with the phase relaxation mechanism. A main qualita- 
tive result of our calculations is that for a magnetic field 
parallel to the planes of a quasi two-dimensional system 
WL is not fully suppressed by a magnetic field. A finite 
contribution remains which has its origin in diffusion pro- 
cesses in the plane which do not enclose magnetic flux. 
It should be possible to measure this remaining contribu- 
tion by comparing the magnetoresistance for a magnetic 
field parallel and perpendicular to the planes. 

A generalization of this theory to crossovers e.g. from 
_D = 1 to = 2 is straightforward. We have not dis- 
cussed the influence of WL on the frequency-dependent 
conductivityo in this paper. The effect of a finite fre- 
quency cj in a microwave experiment (wTd ^ 1) can eas- 
ily be included by replacing x = Td/r^p by x — iloTci in 
our formulas. Such a microwave experiment has the ad- 
vantage that w is a known frequency while is only 
indirectly accessible. 
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